Abstract-The effect of Kerr-induced optical fiber nonlinearities in C−band (∼5 THz) EDFA and C + L−band (∼12.5 THz) Raman-amplified optical communication systems have been studied considering the impact of third-order fiber dispersion. The performance of digital nonlinearity compensation with singlechannel and 250-GHz bandwidth in both EDFA and Raman amplified systems has been investigated, respectively. The achievable information rates (AIRs) and optimum code rates in each individual transmission channel have been evaluated for the DP-64QAM, the DP-256QAM and the DP-1024QAM modulation formats. It is found that, for all considered modulation formats, the signal-to-noise ratios, AIRs and code rates exhibit significantly asymmetric behaviour about the central channel due to the presence of the third-order dispersion. This provides a new insight that the forward error correction schemes have to be optimized asymmetrically, on a per-channel basis, to maximize the overall throughput.
(SPM), cross-phase modulation (XPM) and four-wave mixing (FWM) [4] , [5] .
Research on AIRs has been performed for ∼5 THz EDFA [6] and for 4.3 THz DRA [7] optical transmission systems considering electronic dispersion compensation (EDC) only. In these works, the nonlinear distortion of the central wavelength channel has been regarded as indicative of the nonlinear distortions for all channels over the entire optical bandwidth when analyzing both the channel properties and the AIRs [8] , although those nonlinear interference processes should be different for each channel due to different inter-channel nonlinear mixing. In our previous work, the behavior of Kerr nonlinearities and the AIRs for each individual channel have been evaluated for the 4.3 THz EDFA and the 12.5 THz (∼100 nm) Raman amplified optical communication systems accounting only for the second-order dispersion effect [9] , [10] . However, in all aforementioned works, the modeling of the third-order dispersion was omitted. Under this simplifying assumption, the nonlinear distortions across the whole amplified bandwidth appeared to be symmetric around the central channel; and the central channel behaved the worst among all WDM channels due to its stronger inter-channel interferences. As a result, it was concluded that the forward error correction (FEC) schemes and their code rates have to be optimized accordingly in a symmetric manner about the central wavelength.
In this paper, built on our previous works, the nonlinear behaviors, the AIRs and the code rates in C−band (∼5 THz) EDFA and C + L−band (∼12.5 THz) DRA amplified optical fiber communication systems are investigated, where the impact of both second-order and third-order dispersion are taken into account. These estimations have been separately carried out for each individual channel in Nyquist-spaced WDM transmission systems using various modulation formats including dual-polarization 64-ary quadrature amplitude modulation (DP-64QAM), DP-256QAM and DP-1024QAM. The performance of computationally feasible digital nonlinearity compensation (NLC) schemes including single-channel NLC and 250-GHz NLC, which is the widest digital NLC bandwidth experimentally investigated [11] , is examined for the 157-channel×32 GHz (∼5 THz) EDFA transmission systems and the 391-channel×32 GHz (∼12.5 THz) DRA-amplified transmission systems. 
A. Fiber nonlinear distortions model
The performance of each individual channel, k, in a dispersion-unmanaged WDM transmission system, which is affected by both ASE noise and the optical Kerr effect in a fiber, is described by the so-called effective signal-to-noise ratio (SNR), which can be expressed as follows in the cases of EDC and NLC:
where k is the WDM channel index, N s is the total number of fiber spans in a link, σ 2 ASE represents the ASE noise power arising from the optical amplification process, and B and B NLC are the total WDM transmitted bandwidth and the NLC bandwidth, respectively. Note that the EDC case corresponds to η k (N s , B NLC ) = 0 in Eq. (1) .
Assuming the optical gain, G = e αLs , with α being the fiber attenuation parameter, provided by each EDFA is constant within a given channel spacing ∆f , and is precisely equal to the single fiber span loss. Therefore, the total ASE noise power per fiber span in the case of dual-polarization is given by the well-known expression
where hf 0 is the average photon energy, f 0 is the optical carrier frequency, h is Planck's constant, and n sp is the spontaneous-emission factor [2] , which is related to the EDFA noise figure (NF) as NF ≈ 2n sp assuming G 10 dB. The total variance of the ASE noise per fiber span over the channel due to optical counter-pumped fiber Raman amplification is defined as follows
where κ T is the temperature dependent phonon occupancy factor [12, Eq. (7)], and n sp denotes the number of spontaneously emitted photons, which is given in [13, Eq. (6) ]. For dual-polarization Nyquist-spaced WDM transmission systems, which fulfill the Nyquist criterion, that is, having a rectangular spectra of width ∆f exactly equal to the symbol rate R S , the nonlinear distortion coefficient η, which quantifies the impact of nonlinear distortions due to the FWM process, is given by [9, Eq. (4)]
where rect (x) denotes the rectangular function, and the Nyquist WDM channel index k is given by the following set
with N ch being the total number of WDM channels. Eq. (4) implies the filtering of the "noise-like" nonlinear distortion power spectral density (PSD) in the coherent receiver by a matched filter with a rectangular base-band transfer function. The PSD S (f ; N s , B) of the nonlinear distortion is given by a slightly modified [14, Eq. (1)]; it yields
where γ is the fiber Kerr nonlinearity parameter, R S is the symbol rate, B N ch · ∆f is the total transmitted bandwidth, and the kernel function can be factorized as follows with the so-called phased-array factor φ (f, f 1 , f 2 ; N s ) being responsible for a distance evolution of the FWM nonlinear interaction process over the multi-span transmission system and being expressed as
where ı √ −1 is the imaginary unit, and L s denotes the fiber span length. The FWM efficiently factor ρ (f,
where L s is the fiber span length, P (z) defines the signal power profile along a fiber span, which depends on the applied optical amplification scheme. For lumped EDFA case, the signal power profile P (z) exponentially decays with distance, P (z) = e −αz . For the backward-pumped DRA case, the signal power profile P (z) can be defined as a solution of a system of two coupled ordinary differential equations, which govern the Raman process for a single co-polarized pump wavelength and signal wavelength traveling in the backward direction [15, Eqs (1-2)].
The FWM phase-mismatch ∆β can be approximated by including the third-order dispersion as follows [16] ∆β (f,
where β (·) denotes the propagation constant as a function of frequency, β 2 and β 3 represent the second-order and third-order dispersion coefficients in the Taylor expansion, respectively. To the best of our knowledge, the impact of the third-order dispersion β 3 on AIRs of wideband optical fiber communication systems has not previously been reported.
B. Estimation of achievable information rates
The achievable information rate (AIR) for each individual channel can be estimated as in [10] AIR 2 R S · I XY .
The ideal code rate R * ∈ [0, 1] in the forward error correction scheme represents the maximum proportion of useful information in the coded bit sequence:
where I X,Y denotes the soft-decision mutual information (MI) between the sequence of output symbols Y and input X symbols. The MI is an important figure of merit as it gives a maximum information rate of a coded modulation scheme for which an arbitrarily small post-FEC BER can be achieved assuming that the input signal constellation drawn for an alphabet of cardinality M |X | with a fixed PMF P [X = x i ] = 1/M , as well as a fixed channel law given by the conditional PDF p Y |X (y|x).
For a memoryless channel, the MI in bits per symbol for a fixed QAM input constellation with equally likely symbols is given by
where C represents the fixed set of complex numbers.
Owing to the AWGN channel assumption, the conditional PDF p Y |X (y|x) in Eq. (12) is set to be Gaussian, i.e.,
where the effective noise variance σ 2 eff = E |Y − Z| 2 is assumed to be approximately equal to the effective noise variance in Eq. (1), and E [·] denotes the mathematical expectation. Therefore, the MI reported herein is an upper bound on the achievable rate under a Gaussian channel assumption, but not necessarily the greatest possible rate achievable with an arbitrarily complex receiver. The MI in (12) can be efficiently approximated by using the Gauss-Hermite quadrature as follows
where d ij denotes the Euclidean distance between signal constellation symbols x i and x j , ξ k and ξ l are the k− and l−root of the L−order Hermite polynomial H L (x) with the associated weights w k and w l , respectively.
III. RESULTS AND DISCUSSIONS
In this section, we have examined the backward-pumped geometry of the DRA scheme neglecting the Raman pump depletion effect as well as assuming the independence of the Raman gain on the laser wavelength. The optical lumped EDFA-amplified scheme was also analyzed. The nonlinear distortion model has been extended accounting for the effect of third-order dispersion (dispersion slope), which is captured by the term β 3 . To investigate the differences in channel performance due to the impact of dispersion slope, the estimations have been carried out separately for each sub-channel in the ideal Nyquist-spaced WDM transmission system. Within the framework of the first-order pertubative analysis, the nonlinear distortion coefficients in Eq. (4) were numerically computed separately for each WDM channel via a quasi-Monte Carlo integration method [17] , since the rate of convergence of the reference triple integral gradually decreases with increasing transmitted signal bandwidth. The transmission distance is fixed as 2000 km (25×80 km). The EDC, the single-channel NLC and a practically feasible 250-GHz NLC, which was a reported record for the maximum possible signal processing bandwidth [11] have been applied in the 157-channel×32 GHz EDFA-amplified transmission system and 391-channel×32 GHz DRA-amplified transmission system. The detailed parameters of the optical communication systems are summarized in Tab. I. The SNR at optimum launched power in each individual channel has been evaluated for both EDFA and Raman amplified optical communication systems as shown in Fig. 1 . It can be observed that, compared to the reported analyses (the green dashed curves) [9] , [10] , the impact of β 3 is reflected in the tilt in the nonlinear distortion spectrum due to the low frequency components exhibiting a greater accumulated dispersion, which ultimately results in a lower influence of nonlinear interference. This gives rise to a different performance for each channel in the WDM transmission system, which is no longer symmetric about the central channel.
The AIRs and the achievable SE (right-hand side) for each individual channel have been investigated for the modulation formats of DP-64QAM, DP-256QAM and DP-1024QAM, as shown in Fig. 2, Fig. 3 and Fig. 4 . It can be seen that the AIR of each WDM channel is not symmetric about the central channel anymore as a consequence of the tilt in the nonlinear interference spectrum. This is fundamentally different from reported results in [6] , [7] , [8] , [9] , [10] , where the performance of WDM channels behaved symmetrically about the central channel. For both EDFA and Raman amplified transmission systems, the impact of third-order dispersion becomes more significant for the systems using higher-order modulation formats and higher-bandwidth NLC. Reciprocally, the ideal code rates R * and coding overheads (OH ((1/R * ) − 1) · 100%) for each individual channel were analyzed for different modulation formats in both EDFA and Raman amplified systems. Figure 5, Fig. 6 and Fig. 7 illustrate that the ideal FEC code rate (or coding overhead) in each WDM channel is entirely asymmetric about the central channel due to the effect of the third-order dispersion. For the scheme of Raman amplified DP-1024QAM communication system with 250 GHz NLC in Fig. 7(b) , the difference between the code rates of the two outer channels is equal to 0.06, which is of great importance for FEC coding design.
It is found that, for all considered modulation formats, the ideal code rates behave significantly asymmetric with respect to the central channel due to the impact of third-order dispersion. This effect is observed to be more significant for higher-order modulation formats. This clearly indicates that the code rates in the forward error correction schemes have to be optimized asymmetrically in each individual channel in order to maximize the overall throughput.
IV. CONCLUSION
In summary, the impact of Kerr fiber nonlinearities in C−band (∼5 THz) EDFA and C + L−band (∼12.5 THz) Raman-amplified optical communication systems are investigated considering the effect of third-order chromatic dispersion. The achievable information rate and the ideal FEC code rates in each individual transmission channel have been evaluated for DP-64QAM, DP-256QAM and DP-1024QAM modulation formats. It is found that, for all considered modulation formats, the AIR and the ideal FEC code rates are asymmetric about the central channel due to the impact of the third-order dispersion term. This provides us a new insight that the FEC schemes have to be optimized asymmetrically, almost on a per-channel basis, in order to maximize the overall throughput of the transmission system.
